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Path integral based approach is used to analyze the variance of the residence time spent in a sub-domain
by a particle diffusing in the presence of an arbitrary potential in a larger domain containing the sub-
domain. It is assumed that there is no absorption of the particle within the domain or at its boundaries.
Because of the ergodisity, the mean residence time in the sub-domain is a product of the observation time
and the equilibrium probability of finding the particle in the sub-domain. We show that the variance also
grows linearly with the observation time at large times and explain how the slope of this linear depen-
dence can be found. The general approach is illustrated by simple examples, in which explicit formulas
for the variance can be obtained.

Published by Elsevier B.V.

1. Introduction

When developing theory one frequently needs to know how
much time a dynamical system spends in a given region of its
coordinate/phase space or in a subset of its discrete states. Exam-
ples include Taylor dispersion [1,2], single-molecule fluorescence
spectroscopy [3-6], channel-facilitated membrane transport [7],
chromatography [8], transport in the cytoplasm [9,10] and in tubes
with dead ends [11,12], just to mention a few. This residence time,
T, Where the subscript  denotes the subset or the region of inter-
est, is a random variable. When the observation time, t, is long
enough and the system dynamics is ergodic, one can easily find
the mean residence time, (7, (t)) = Pi/t, t — oo, where P{/ is the
equilibrium probability of finding the system in w.

The focus of the present paper is on the variance of the resi-
dence time in a sub-domain « for a particle that diffuses in a d-
dimensional domain €2 in the presence of an arbitrary potential,
U(x) (Fig. 1). In the next section we develop a general theory
assuming that the distribution of the particle starting point in Q
is the equilibrium one. We show that the variance, 62, (t), grows
linearly with t at large observation times, J%w(t) =Aut, t — oo,
where A, is a constant, and explain how this constant can be
found. To illustrate the general approach in Section 3 we discuss
several simple cases when U(x) = 0 (free diffusion) and Q is a d-
dimensional sphere, d = 1, 2, 3, containing a spherical sub-domain
w in its center. In these cases we obtain explicit expressions for the
variance that show how it depends on the radii of @ and Q in
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spaces of different dimensions. Some concluding remarks are made
in Section 4.

The theory developed in the present paper is based on the path
integral approach to the problem. An alternative path integral
based approach has been used in Ref. [13], which is mainly focused
on the distribution of the time spent in a spherical domain by a
particle freely diffusing in an unbounded three-dimensional space,
assuming that the observation time is infinite. So, the present pa-
per and Ref. [13] complement each other. In Ref. [13] one can also
find several useful references that are not mentioned in the present
paper. More recent references on studies devoted to the residence
time can be found in Ref. [14].

To avoid confusion and to explain what, we believe, is new in
the present paper, we indicate that the concept of the residence
time has been used in the literature in two different contexts.
The concept was used when discussing processes, in which the
particle can be trapped or escape to infinity, so that the probability
density of its position vanishes as t — oo. We do not consider such
situations here and assume that there is no absorption of the par-
ticle within the domain or its boundaries, so that the particle lives
forever, and any initial distribution of its position approaches the
Boltzmann equilibrium one as t — co. Analysis of the relaxation
kinetics in such situations was pioneered by Agmon [15], which
is focused on the mean relaxation times assuming that the system
is spherically symmetric. In this paper we assume that the parti-
cle’s starting point is taken from the equilibrium Boltzmann distri-
bution. Then the particle is in equilibrium from the very beginning
and we need not consider an initial period of relaxation. Our anal-
ysis is focused on the variance of the residence time in w when
both the domain and the sub-domain are of arbitrary shape and
diffusion occurs in the presence of arbitrary potential, U(x). Main
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Fig. 1. Schematic representation of domain € containing sub-domain w.

results of this paper are the expressions for the variance given in
Eqgs. (24) and (37). To our knowledge, they have never been dis-
cussed in the literature. However, some intermediate formulas
appearing in the course of our analysis can be found, for example,
in Refs. [13,15], as well as in the books [16,17].

2. General theory
2.1. Residence time

Consider a particle diffusing in a d-dimensional domain €2 in the
presence of an arbitrary potential U(x). There is no absorption of
the particle within the domain or at its boundaries, so that any ini-
tial distribution of the particle position eventually relaxes to the
Boltzmann equilibrium one. We assume that [, exp[—pU(X)]dx is
finite, where = 1/(kgT) with the standard notations kz and T for
the Boltzmann constant and the absolute temperature. The domain
contains a sub-domain w as schematically shown in Fig. 1. From
time to time the particle enters the sub-domain, spends some time
inside, then escapes, then comes back again, and so on. Let {x}; be a
particle trajectory, i.e., a path, along which the particle moves, ob-
served for time ¢, {x}, = {X(t'),0 < t' < t}, and I(X) be the indica-
tor function of w defined as

1, ifxew
I,X)= [ d(x—-x)dx' =< ' .
® A ( ) {0, otherwise

where §(z) is the d-dimensional Dirac delta-function. The residence
time spent by the trajectory in the sub-domain, 7,({X};), is given by

To({X},) = /O Lo (X(£))dt’ = /w dx /0 SX(t') — x)de’ )

This time is a random variable. In what follows we use the defini-
tion in Eq. (2) to find the first two moments and then the variance
of the residence time assuming the equilibrium Boltzmann initial
distribution of the particle starting point in .

(1)

2.2. Mean residence time

The mean residence time spent in the sub-domain by a particle
that starts from X, and is observed for time t, (7, (t|Xo)), is the res-
idence time 7,,({X};) averaged over all trajectories that start from
Xo. Denoting the averaging over such trajectories by (---), and

using Eq. (2) we can write
/ dx / odt 3)

Since the averaged delta-function is the particle propagator,
(0(X(t) = X))x, = &(X, tXo) (4)

(Tw(tXo)) = (Tw({X},))

we obtain

Tw t‘XO

/dx/gxt|x0 5)

Introducing the notation P,(t|X,) for the probability of finding the
particle in the sub-domain at time ¢,

P (tiX0) = /w 2(X, EXo)dx (6)

we can write (T, (t[Xo)) as

ot

(To(t]Xo)) = | Po,(t'[X0)dt’ (7)

As t — oo, P,,(t|Xo) approaches its equilibrium value P

w?

P = / Peg (X)X (8)

where p,,(X) = Z ' exp[-pU(x)] is the equilibrium distribution in Q
with Z = [, exp[-pU(X)]dx. As a result, at large times (T.(tXo))
takes the asymptotic form, P¢/t. This is a consequence of the ergo-
dicity of the diffusive motion.

Averaging (7, (t|Xo)) in Eq. (5) over the equilibrium distribution
of the particle starting point in © and denoting the result by
{((Te:(t)))eq We obtain

(To(t))eq = / (T (X0 Peg (Xo) X0

- | at [ [ gtx Cixop, (xaixg (©)

The integral over Q is equal to p.q(x) independently of time,
| 8% 0)peg (o) %0 = i) (10)
Using this fact and the definition of P

((TU)(t)»eq

=Pt (11)
Thus, for the equilibrium distribution of the particle starting point
in © this relation is true not only at asymptotically large times,
but at any moment of time, t > 0.

Eq. (8), we arrive at

2.3. Variance of the residence time

The second moment of the particle residence time in the sub-
domain, Eq. (2), on condition that the particle starts from Xo,
(T2, (t|X0)), is given by

= ([Ta({x}))")x

= <{ /0 I(,,(x(tl))dﬁ} { /O tI(,,(x(tz))dtz} >x0 (12)

Interchanging the averaging over trajectories and the integrations
with respect to time we obtain

(T2, (tX0))

(@000 =2 [ dty [ o261 (13)
JO JO

where we have used the symmetry of function (I,,(X(t1))lw(X(£2)))x,-
This function can be expressed in terms of the particle propagator.
To show this, consider the function at t, > t;. Using the definition of
the indicator function, Eq. (1), we can write

(Lo (X(01)o (X(£2))), = / / (B(X(Es) — X)O(X(t1) — Xy}, 0% %y
(14)
For t, > t; we have

(3(X(t2) — X2)3(X(t1) — X1))y, = &(X2, L2 — t1|X1)&(X1, t1[Xo) (15)
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where the definition of the propagator, Eq. (4), has been used. Com-
bining the relations in Eqs. (13)-(15) we arrive at

t t

(Ti(t‘xw) = 2/0 dtz/o df] / / g(Xz, t, — t1|X1 )g(X17f1 ‘Xo)dxl dXz
(16)

We denote the equilibrium average of (72 (t|Xo)) over the particle

starting points by ((z2,(t))),,

(T O))eg = [ (24000} peg o) (17)

Using Eq. (16) and the relation in Eq. (10) we obtain

t
w = 2/ dtz/ dt]/ /g Xy, — b4 |X] )peq(xl)dx] dXZ
(18)

The propagator approaches the equilibrium distribution as t — oo.

With this in mind we can write the propagator as
&(X, t[Xo) = Peg(X) + U(X, E]Xo) (19)

Substituting this into Eq. (18) and carrying out the integrations of
Peq(X) Over w we arrive at

t t
(@O0 = P07 +2 [ dea [ty [ [ uet
0 0 o Jo
— 1[X1)Peg (X1 )dX dXp (20)
where we have used the definition of P{/, Eq. (8).

Since P{jt = ((Tw(t))),, We can find the variance of the particle

residence time in the sub-domain, 62 (t),
02, (5) = (T4, (O)eg = ((To(D))eg

=2 / dt, / dty / / (X2, b2 — £1[X1)Deq (X1)dX; dX; (21)
By construction, u(xX,t|Xo) vanishes as t — oo, and its integral with re-

spect to time from zero to infinity is finite. We use this to find the
long-time asymptotic behavior of the variance,

2r/ / U U(X, E%o)dt | p,, (Xo)dxdXo, € o0 (22)
Introducing function w,(x) defined by
W, (X) :/w {/Ooc U(X, t[Xo)dt| Peg(Xo)dXo (23)
we can write the variance, Eq. (22), as
o2 (t) = Zt/ W, (X)dX, t— oo (24)

Thus, to find the asymptotic behavior of the variance, one has to
find the function w,(x) and then to integrate it over the sub-
domain.

Function w,,(X) satisfies the equation that can be derived start-
ing with the evolution equation for the propagator,

8.%) _ Tg(x. o) (25)
ot
where L is the Smoluchowski evolution operator,
L =DV{ p,.(X)V 1 (26)
“ Deq(X)

and D is the particle diffusion coefficient. Integrating both sides of
Eq. (25) with respect to time from zero to infinity and using Eq.
(19) we obtain

Peq(X) — 0(X — Xo) :Z/Ox u(x, t|xo)dt (27)

Multiplying both sides of this equation by p.q(Xo) and integrating
with respect to xo over the sub-domain, we arrive at the desirable
equation for the function w,(x)

zW(,)(X) = [Pfg w( )]peq( ) (28)

Note that function w(x) found by integrating this equation satis-
fies the relation

/ W, (X)dx =0 (29)
Q

This is a consequence of the fact that function u(x, t|Xo) is the differ-
ence of the propagator and the equilibrium distribution and, there-
fore, satisfies

[ . txo)dx = [ g0 txo) g (x)1ix = 0 (30)
JQ Q

The relation in Eq. (29) follows from this and the definition of func-
tion w,,(x), Eq. (23).

To summarize, one can find function w,,(x) by integrating Eq.
(28) and then use this function to find the variance by means of
Eq. (24). This is one of the major results of the present paper. To
illustrate the approach, in the next section we find the variance
in several cases of simple geometry where explicit expressions
for the variance can be obtained.

Finally we point out that the variance, Egs. (22) and (24), has an
interesting interpretation. To show this we introduce function
U(Xo) defined by

Vo (Xo) = / { / u(x, t|xo)dt} dx (31)
) 0

Using this function the variance, Eq. (22), can be written as

02,0 =2t | vyfxo)pq (o, €= o0 (32)

Interchanging the order of integrations and using Eqgs. (6), (8), and
(19) we can write function 7,,(Xo), Eq. (31), in the form

Vo (Xo) = / [P, (tixo) — P9)dt (33)
0
Next we introduce the relaxation function, R,(t|Xo),

Pw(t‘xo) — Pfg _ w(t‘xo) Peq
P, (0[%o) — P& I, (%) — P&

Ro(t%0) = (34)

and the relaxation time, (t'(x,)), defined as the time integral of the
relaxation function,

(¥ (%,)) / Ro(tx0)d (35)
This allows us to write function v,,(Xo), Eq. (33), as

Ver (X0) = [ls(Xo0) —
Substituting this into Eq. (32) we obtain

0%, (8) = 26({51)) g P} (1 = PE)), £ — 00 37)

w w

Pt (%0)) (36)

where ((t/¢")),, is the relaxation time (t?(Xo)) averaged over the
equilibrium distribution of the starting points in the sub-domain,

(g = prr [ (53000} Pey o) 38)

Comparison of the two expressions for the variance, Egs. (24) and
(37), shows that the averaged relaxation time can be written as
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1
rel
((t eg = P =P

w

W, (X)dx (39)

Note that the relaxation time remains finite when P! approaches
zero or unity since the integral over @ vanishes in both cases, i.e.,
when o tends to zero or Q. The expression for the variance in Eq.
(37) shows that the variance is proportional to the equilibrium
average of the relaxation time. This expression also shows that
the variance vanishes when P¢/ tends to zero and unity, i.e., when
the sub-domain collapses into a point or approaches the entire

domain.

3. lllustrative examples
3.1. Diffusion on an interval

Consider a particle freely diffusing in one dimension on an
interval of length L, 0 <x <L, terminated by reflecting end points
at x=0 and x =L (domain 2). The quantity of our interest is the
variance of the time spent by the particle inside the shorter inter-
val oflength [, 0 < x <[, I < L (sub-domain w). The long-time asymp-
totic behavior of this variance is given by Eq. (24), which in the
case under consideration takes the form

o2 (t) = 2t /0 "Wo(dx, t oo (40)

Tw
Function w,,(x) satisfies Eq. (28) that can be written as

2
¢ ‘;V;;(X):%E—H(l—x)}, 0<x<lL (41)
where H(z) is the Heaviside step function and we have used the fact
that in the present case peq(x) = 1/L, P;] = I/L, and the indicator func-
tion, Eq. (1), is given by I,(x)=H(l — x). Function w,(x) satisfies
reflecting boundary condition at x =0, dw,(x)/dx|x-0=0 and the
relation

L
/ W (X)dx =0 (42)
0
which follows from Eq. (29).
Integrating Eq. (41) we obtain

1 (L-DIRL-1)—3x?], 0<x<I
= X
6L°D " | 121 + P —6Lx+3x%], l<x<L

Wo(X) (43)

Substituting this into Eq. (40) and carrying out the integration we

arrive at

2P -1t
31°D

Next we use Eq. (39) to find the averaged relaxation time. In the

case under consideration this equation takes the form

afw (t) t— oo (44)

1 I
rel
= 4
(UE)eg = perry ey |, o) (45)
and leads to

rel _ I(L — I)
<<t(ul>>eq - T

The formulas in Eqs. (44) and (46) show that both the variance and
the averaged relaxation time vanish as | approaches zero or L.

(46)

3.2. Diffusion inside a circle

Consider a particle freely diffusing inside a circle of radius R
(domain €2). This time we are interested in the variance of the time

spent by the particle inside the smaller circle of radius a, a <R,
(sub-domain @) concentric with the initial larger circle. In the case
under consideration pey(r) = 1/(nR?), P = a?/R?, and the indicator
function, Eq. (1), has the form I,(r)=H(a —r). The asymptotic
behavior of the variance, Eq. (24), in this case is given by

To

a
a2 (t)= 4nt/ Wy (r)rdr, t— oo (47)
Jo
Function w,,(r) satisfies Eq. (28) that can be written as

e R RS

When integrating this equation we use the reflecting boundary con-
dition at the origin, dw,,(r)/dr|,- ¢ = 0 and the relation

/R W (rrdr=0 (49)
0

that follows from Eq. (29).
Integrating Eq. (48) we obtain

W (0) — =2 2, O<r<a
We(r) = 47[;4[) o (50)
Wo(0) - & [14+2In () - 5], a<r<r
where w,,(0) is given by
a? R a?
Wy, (0) = 4In(—-) -1 +—} 51
)= $2reD [ <a> R? oD

Substituting w,(r), Eq. (50), into Eq. (47) and carrying out the inte-
gration we arrive at

R a’] a‘t
2 _ _) — - ~_
a; () = {Zln (a) 1 +R2] KD t— oo (52)
The averaged relaxation time in Eq. (39) in the case under consider-
ation takes the form

rel 2n ¢ d 53
((t5 ) eq = W A W (r)rdr (33)
Its explicit dependence on the two radii is

R a a’R?
trelyy) . = {2 In <7> -1 +—} — 54
((E")eq o)1 R aw - an (54)

The formulas in Eqs. (52) and (54) show that both the variance and
the averaged relaxation time vanish as a approaches zero or R.

3.3. Diffusion inside a sphere

Finally we consider a particle freely diffusing in three dimen-
sions inside a sphere of radius R (domain £2). We wish to find the
long-time asymptotic behavior of the variance of the time spent
by the particle inside the concentric sphere of smaller radius a,
a < R (sub-domain w). In the case under consideration pe(r) =3/
(4nR®), P = a®/R?, and the indicator function, Eq. (1), has the form
I,(r) = H(a — r). The asymptotic behavior of the variance, Eq. (24),
in this case is given by

o2 (t) = 8t / Weo (N2 dr, £ — 00 (55)
JOo

Function w,,(r) satisfies Eq. (28) that can be written as
Ddf,dw,m]_ 3 [
r2 dr dr | 4nR® R

When integrating this equation we use the reflecting boundary con-
dition at the origin, dw,,(r)/dr|, - o = 0 and the relation

H(a—r)}, 0<r<R (56)
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/R W (r)r?dr=0 (37)
0

that follows from Eq. (29).
Integrating Eq. (56) we obtain

W, (0) — B=¢ 2 O<r<a

W(,,(T') = SZ’;D 2a _ ar’ (58)
Ww(o)—san(]—ﬁ—F), a<r<R

where w,,(0) is given by
3a? 6a @

w0 =g 5 (1SR 50 9)

Substituting w,,(r), Eq. (58), into Eq. (55) and carrying out the inte-
gration we arrive at

3a @)\ 4a’t
2 = —_ 4 — | —— —
T, () = (1 2R+2R3> sep | (0
The averaged relaxation time in Eq. (39) in the case under consider-
ation takes the form

(g = o T / " (1) dr (61)
ol = BT P Jo ™
Its explicit dependence on the two radii is
30 2aR®
ey, = 1——+—>— 62
e = (137 3) 50 —a5 (62

The formulas in Egs. (60) and (62) show that both the variance and
the averaged relaxation time vanish as a approaches zero or R.

4. Concluding remarks

The present paper deals with a particle that diffuses in a d -
dimensional domain € in the presence of an arbitrary potential
U(x) and occasionally visits a sub-domain o (Fig. 1). The residence
time in the sub-domain, 7, is a random variable. One can easily
find the mean residence time using the fact that diffusive dynamics
is ergodic. In the present paper we discuss the variance of the res-
idence time, 02 (t), assuming equilibrium distribution of the parti-
cle starting point over the entire domain Q. We show that the
variance linearly grows with time at large times, ()'%m(t) = Aut,
t > oo, with A, = 2 [ ,W,(X)dX, where function w,,(X) can be found
by integrating Eq. (28). We also establish the relation between A,
and the relaxation time defined in Eq. (38), A,=
2P%(1 - Pfj)((t{;’))eq. Our general approach is illustrated by apply-

ing the formalism to the cases of simple geometries, where explicit
formulas for the variance can be obtained.

Our analysis is based on the path integral approach to the prob-
lem. We start with the definitions of the quantities of interest in
terms of the path integral. Then we use the relations in Egs. (4)
and (15) that allow us to express these quantities in terms of the
propagator. Next we split the propagator into its long-time asymp-
totic part, p.q(X), and the “relaxation” part, u(X, t|Xo), that vanishes
at large times, Eq. (19). This representation of the propagator is
used when deriving Eq. (28). We hope that our results will be of
use in the future studies.
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